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ONE OF THE fundamental contributions of singularity theory to the physical sciences is 
the result of Looijenga, discussed in the opening section of this paper, that a generic 
wavefront gives rise to a caustic whose local structure can be described by a finite 
number of archetypes. However, when caustics arise in explicit physical situations, 
there is no reason a priori to suppose that a generic state of the system will 
necessarily give rise to a generic caustic. In this paper we make a detailed study of the 
system comprising a mirror M (a smooth hypersurface in R”+‘) and a point source of 
light L (a point in R”+‘): light rays emanating from L are reflected at M and give rise 
to a caustic by reflexion, the envelope of the family of reflected rays. And the problem 
to which we address ourselves is whether a generic state of our system does give rise 
to a generic caustic. Note that we consider only first reflexions of light from M. 
Perhaps the most natural question to look at here is that of mirror genericity, i.e. 
for a fixed position of the source L will a generic mirror M give rise to a generic 
caustic? We give an affirmative answer to this question, using a classical geometric 
construction, under the hypotheses that the mirror M is compact and has everywhere 
positive Gaussian curvature, and the source L lies inside M. (Without these hypo- 
theses the wavefront will fail to be an embedded submanifold of W”+‘.) 
Since physical mirrors tend to be rigid, a question of greater interest to the 
physicist is that of Source genericity, i.e. for a fixed mirror M will a generic position of 
the source L give rise to a generic caustic ? Of course, this can be thought of as a 
much sharper version of the question of mirror genericity, where we only allow 
deformations of the mirror which are rigid motions. It is well worth pointing out that 
this is a much harder mathematical question, since the space of deformations is now 
finite dimensional, and established transversality theorems are unlikely to be of help. 
For n 2 2 we show that source genericity fails: indeed a source L inside the unit 
sphere S” gives rise to a singularity of infinite codimension which cannot be removed 
by small perturbations of the source. 
The major difficulty arises from the fact that the umbilics are very degenerate. In 
another paper[2] we almost establish source genericity for the case n = 1, i.e. that of 
plane mirrors (see [2] for a precise statement of results). For the case n = 2, of mirrors 
in three space we describe some of the types of counterexample one may come up 
against, and obtain some incomplete results on when a local form of source genericity 
holds. The proofs depend strongly on the results of 94 of this paper; see [2a]. 
$4 represents a first step towards attacking the general problem of source genericity 
and requires a certain amount of explanation. To the mirror M and the source L one 
can associate a wavefront W (known classically as the orthotomic) by taking the 
locus of the reflexion of L in the affine tangent planes to M; and the caustic then 
appears as the focal set of W. The singularities of the caustic are studied by 
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considering the contact of W with spheres tangent to it. When one reverses the 
process of taking the orthotomic (a procedure discussed in detail in §3) the wavefront 
W corresponds to the mirror M, and a sphere tangent to W corresponds to a quadric 
of revolution tangent to M. The basic fact one would like to establish is that the 
contact singularity of W with a sphere is the same as that of M with the correspond- 
ing quadric of revolution. We show that this is certainly the case when n 5 2 
provided moduli do not appear in the contact singularities: in fact we prove this as a 
general result concerning the contact of surfaces, and the contact of their duals. 
The virtue of this result is that it reduces the question of contact to one entirely 
on the mirror A4, and provides the starting point for our discussion of source 
genericity in [2] and [2a]. 
In §5 we apply the results about contact to caustics by reflexion of plane curves, 
by considering their contact with tonics. This allows one to derive general properties 
of the caustic by purely geometric considerations, without having to compute the 
caustic analytically-a difficult matter in practice even for fairly simple curves. In 
particular we discuss the caustics of a circle from this viewpoint, an example studied 
analytically by Cayley[4] in 1857, and apply our geometric techniques to the case of 
an ellipse. Much of the material of this section was discussed in detail in [I], so we 
content ourselves with a descriptive style of writing. It turns out that there is a 
connexion between caustics of plane curves and the theory of plane mechanisms, 
which we describe briefly. Finally, in 06 we present the counterexample to source 
genericity for surfaces, and make a preliminary observation on the contact of 
quadrics of revolution with surfaces, a subject discussed in some detail in [2a]. 
81. CAUSTICS OF GENERIC WAVEFRONTS 
As was stated in the introduction, the object of this paper is to study the caustics 
obtained by reflexion of light from a point source, the reflexion taking place in a 
smooth hypersurface (the mirror) in R”+‘. The general approach to caustics, taken for 
instance in [6,9,11, IS], is to start with a smooth wavefront, i.e. a smooth embedding 
f: W” +R”+i of a smooth manifold W. The wavefront f(W) propagates along its 
normals, and the resulting caustic is the set of critical values of the exponential map 
Exp: Nf(W)-+R”+l of the normal bundle, i.e. the envelope of the normals, or the focal 
set of f(W). Thus in the case n = 1 the caustic is simply the evolute of the plane curve 
f(W). Yet another interpretation, which seems worthwhile spelling out, is 
(1.1) The caustic is precisely the locus of the singularities of the wavefronts, i.e. the 
parallels off(W). 
Proof. Let U c R” be open, and let f: U --) IX”+’ be a local parametrization of the 
wavefront. Consider the mapping Exp: U x R +lJX”+1 given by 
Exp (x, t) = f(x) + tn(x) 
where n(x) denotes the (outward pointing) unit normal vector to f(U) at f(x). 
Evidently our claim is equivalent to the statement hat the (n + 1) x (n + 1) matrix 
(A + tB In) 
* 
is singular if and only if A + tB has rank< n, where A = (df/axj), I3 = (ddaxj). Of 
course if A + tB has rank< n then * is singular. Conversely, suppose that * is 
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singular, but that A + tB has rank IZ, so there exist scalars A,, . . . , A, with 
It will be no restriction to suppose that 
A= 
i 0 . 0 . . . . 0, 1 
1 0 1 0 1 . . . 0’  
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(1) 
Taking inner products of both sides of (1) with af/axj yields 
and hence 
A + t(A%)(A) = 0 
where A = (A,, . . . , A,)r. Using AAT = I, we derive 
(A + B)(A) = A(A) + tB(A) = t(- AAT + I)B(A) = 0. 
Thus as A # 0 the matrix A + tB has rank < n, which is a contradiction, establishing 
the result. 
The virtue of (1.1) is that it gives us a dynamic interpretation of the caustic, and 
yields some insight into the problems at hand. The exponential mapping is a Lagrange 
(or catastrophe) mapping obtained, in the terminology of [14], from the generalized 
phase function F: W x R”+‘+R give by F(x, a) = [Ix - a([*. The idea of relating the 
singularities of the phase function with the caustic is due, like so much else, to R. 
Thorn. 
The following result of Looijenga[9] implies that a generic wavefront will give rise 
to a caustic whose local structure is given by a finite number of models. 
(1.2) Let X be a smooth submanifold of the multi-jet space ,Jk( W, R), with X 
invariant under the addition of constants. For a residual set of embeddings f: W + 
R”+’ the obvious jet extension mapping 
,j,&F: WC’) x R”+’ + Jk( W, W) 
is transverse to X. 
Two comments are in order here. Firstly, the condition that X is to be invariant 
under the addition of constants is no real restriction in practice, as the submanifolds X 
which arise naturally satisfy this condition automatically. Moreover, for the sub- 
manifolds X which matter one can improve “residual” to “open and dense”. The 
required local models are now obtained by listing the strata of Looijenga’s canonical 
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stratification of the jet space J’( W, W). We shall say that a wavefront is generic when 
for each r and k the above jet extension mapping ,jlkF is transverse to Looijenga’s 
canonical stratification. (We shall be interested in the case W an orthotomic, see 02). 
For n 14 the strata are obtained from the orbits of simple singularities of 
codimension I 6, and the Lagrange mappings which arise are smoothly equivalent to a 
finite number of models (largely the elementary catastrophe maps of Thorn). 
For n I 2 (the most interesting dimensions) the caustics are constructed from the 
local models sketched below, and labelled by the corresponding singularities of 
F(x, a) = FO(x). Each model comes furnished with a natural stratification, and a 
complete list of pictures for the local type of the caustic is obtained by taking 
transverse intersections of these models. (The labelling of the singularities is 
explained in 04.) 
For n 2 5 one still in theory has a finite number of models (this time up to 
topological, rather than smooth, equivalence) supplied by Looijenga’s stratification. 
However in practice the emergence of moduli makes the determination of this 
stratification a very difficult problem: a detailed discussion of this appears in [13]. We 
turn now to the wavefronts which arise in geometric optics by the reflexion of a pencil 
of light rays from a smooth hypersurface. 
$2. BASIC IDEAS 
Let M” be an n-dimensional smooth submanifold of Euclidean space R”+’ of 
dimension (n + l), and let L be the origin in R”+r: henceforth M will be called the 
mirror, and L the light source. At any point x E M the ray joining L to x is reflected 
in the affine tangent plane to M at x, yielding a reflected ray. In this way we obtain a family 
of reflected rays in Wn+’ , parametrized by the points of M, whose envelope C is called the 
caustic by reflexion with respect to L. 
The classical construction for the wavefront W giving rise to the caustic C is as 
follows. Take LX to be the point obtained by reflecting L in the affine tangent plane to 
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M at x: then W is the locus of the points LX, with x E M, usually called the 
orthotomic of M with respect to the source L. A lighl ray starting from L, towards x 
at the same time as one proceeding from L to x reaches x at the same instant: it 
follows that the direction of the reflected ray is normal to W, so that the caustic C is 
the envelope of normal lines to W, hence the focal set of W. In general, if M” is 
parametrized as x(t), and the (outward) unit normal vector to M at x(t) is n(t), then W 
is the image of the mapping 5: M + R”+’ given by 
C-(t) = 2(x(t) . nW)n(t) 
with * the standard scalar product. (An alternative construction of the orthotomic is as 
the envelope of the family of n-dimensional spheres centred at points x on M, and 
passing through L: notice that with this alternative construction the point L itself is 
included in the orthotomic.) In order to fit into the framework of 91 we require the 
orthotomic W to be smooth: generally this will not be the case, so the following 
proposition will be useful. From this point onwards it will be assumed that the mirror 
M is compact. 
(2.1) The mapping 5 is an imbedding if and only if the Gauss curvature K of M is 
everywhere positive, and the source L lies strictly inside M. 
Proof. First we claim that for n 2 2 (resp. n = 1) 5 is a immersion if and only if the 
Gauss curvature K # 0 and x(t) . n(t) f 0 (resp. K # 0 and x(t) # 0). Note first that 
and since n(t) is a unit vector n(t) * (&/at,)(t) = 0. Now K # 0 means that the vectors 
(an/@)(t), i I i I n, are linearly independent, and since they are orthogonal to n(t) it 
easily follows that under the above hypotheses 5 is an immersion. The converse can 
be safely left to the reader. 
Now note that K > 0 somewhere on M so K # 0 means that K > 0 everywhere on M 
and M is diffeomorphic to the sphere S. For n L 2 the condition x(t) . n(t) # 0 means 
that we have to ensure that the source L does not lie on the affine tangent plane to M, 
at any point. Bearing in mind that K > 0 on M, we claim that this latter happens if and 
only if the source L lies inside M: the proof is as follows. For each x EM the normal 
height function y --, y * n(x) on M has a singularity at x, and since K > 0 this singularity 
is non-degenerate for all x EM. Since any change in the index of these singularities 
would entail bifurcation to a more degenerate singularity, all the indices must be 
equal, and all the singularities must be maxima, so the affine tangent planes are locally 
outside the region bounded by M. If some point y inside M lies on a tangent plane T 
then T must cross M at some point yl, and consequently must meet M transversally 
at yI. Now if T is tangent to M at x the normal height function y + y . n(x) has 
non-degenerate singularities, which are maxima or minima. As M is diffeomorphic to 
S” the normal height function can only have one maximum and one minimum. Thus X 
is the absolute maximum, which contradicts the fact that T, moved a small distance in 
the normal direction at x, continues to intersect M near y,. 
For the converse, note first that if y EIR”+’ and rr,,: R”+‘-(y)-+ S” is radial 
projection from y, then y does not belong to any tangent plane to M if and only if 
nYyJM has no singularities. But if n,,jM has no singularities it is a diffeomorphism. 
Producing radial vectors from y until they meet M we obtain a smooth manifold 
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homeomorphic to the cone on S” (or M), i.e. a ball whose boundary is M. This ball 
must be the interior component of IX”+’ -M, so y is inside M. 
To see that ,$ is an imbedding we need to know that M has no bitangents. Above 
we have shown that each height function has only one maximum and one minimum so 
the result follows. 
For n = 1 we note that if L lies outside M there are two distinct tangents to M 
passing through L and consequently 5 is not injective. Conversely if L lies inside M 
(and Kf 0 on M), 5 is certainly injective. 
Actually when the curvature vanishes on the mirror not only does 5 fail to be an 
immersion, the wavefront W actually has singularities. For example in the case n = 1 
an ordinary inflexion on M will give rise to a cusp on W (see [3] for further details). 
We shall henceforth assume that K is everywhere positive on M, and that the source 
L lies inside M, so that automatically W will be smooth. The problem to which we 
now address ourselves is whether we can obtain a generic W, in the sense of the 
preceding section, by perturbing the basic picture of mirror M and source L. 
Evidently, the matter resolves itself into two related questions. 
Problem 1. The question of mirror genericity. Is it possible to obtain a generic 
orthotomic W by perturbing the mirror M? 
Problem 2. The question of source genericity. Is it possible to obtain a generic 
orthotomic W by perturbing the source L alone? 
Of course the question of source genericity is really a much sharper version of the 
question of mirror genericity, where we are only allowed to perturb the mirror by rigid 
motions. On the grounds that it should be an easier problem, we look first at Problem 1. 
§3. THE QUESTION OF MIRROR GENERICITY 
Under the assumptions of the preceding section the mirror M is diffeomorphic to 
the n-sphere S”, so it is natural to consider smooth embeddings f: S” +lW”+’ with 
M = f(F). Write n(x) for the outward pointing unit normal vector at f(x); and take 
w,: S” + R”+’ to be mapping defined by 
Wf(x) = 2(f(x). n(x)Mx) 
so that Wt(S”) is the orthotomic of M with source origin L in R”+‘. We take 9 to be 
the space of all smooth embeddings of S” in R”+l, endowed with the Whitney 
C-topology, and take 9’~ 9 to be the open subset comprising those for which 
(i) the Gauss curvature K is everywhere positive, 
(ii) L lies in the bounded component of IX”+’ - f (S”). 
Further, we introduce the family of distance squared functions on the orthotomic 
as the mapping Qf: S” x R”+’ + Iw given by 
@(x, a) = II Wf(x) - all*. 
(3.1) Let X be a smooth submanifold, invariant under the addition of constants, of 
the multi-jet space Jk(S”, R). The set of all f E 9’ for which the k-jet extension 
mapping 
,jk@,: (S”)(‘)x R”+‘+J’(S”, R) 
is transverse to X is dense in 9’. 
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Following Looijenga’s proof, described in [9, 141 it is sufficient to show that any 
deformation of Wf(Sn) can be realized by a deformation of f. Now Wf(Sn> was 
thought of in [3] as the affine version of a dual f(P). Consequently one might expect 
that the process of taking the orthotomic has a nice inverse. Indeed there is a classical 
construction which provides such an inverse. Before describing the construction, a 
word or two is in order concerning envelopes. 
Let U”, N”+’ be smooth manifolds, and F: U x N + R a smooth function, to be 
thought of as a family (F’) of smooth functions N +I%, parametrized by 17. We 
assume that 0 is a regular value of F,, for all x E U, so that N, = F,-‘(O) is a smooth 
submanifold of N, of codimension 1, and we can view F as the family (N,) with 
x E U. The envelope of the family F is the image E(F) of the set 
D(F) = [(x, y): F(x, y) = 0 and g (x, y) = 0 for i = 1,. . . , n 
I I 
under the projection r: U x N + N onto the second factor. (Here xl,. . . , x, are local 
co-ordinates on U.) 
(3.2) E(F) is an immersed submanifold of N, provided that at every point in D(F) 
the following conditions are satisfied, with xl,. . . , x, local co-ordinates on U. 
(i) grad F, grad (JFldx,), . . . , grad (aFlax,) are linearly independent. 
(ii) (T X U X (0)) n [i!l ker d(aF/axi)] = 0. 
Proof. At (x, y) ED(F) we require the sets F = 0, JF/aXi = 0 to be smooth and to 
meet transversally, which is condition (i). And (ii) is just the condition that m: D(F)-+ 
N is an immersion. 
Given a mirror M” c R”+‘, and a source L in R”+’ (assumed for convenience to be 
the origin) we have described the construction of the corresponding wavefront, i.e. 
the orthotomic W, by reflecting the source L in the affine tangent plane at points 
x EM to obtain points L, whose locus is W. It is a trivial, yet crucial, observation 
that in this situation the mirror M is the envelope of its family of affine tangent planes 
at points x, and that these are precisely the hyperplanes in R”+’ orthogonal to the lines 
joining L to L,, and passing through their mid-points. This observation provides the 
idea for reversing the process of taking the orthotomic, and reconstructing the mirror 
M given the orthotomic W and the source L. The formal definitions are as follows. 
Let L be the origin in R”+‘, and let W” c R”+’ be a smooth hypersurface. We define a 
family of hyperplanes by the mapping F: W x jW”+‘+Iw given by 
F(x,y)=(y-;x).x 
so that for fixed x E W the zero set of F,: R”+’ +R given by this formula is precisely 
the hyperplane in R”+’ orthogonal to the line joining L, x and passing through its 
mid-point. If we assume that W does not pass through the origin then 0 is a regular 
value of all the F,, and we can introduce the anti-orthotomic of W as the envelope of 
the family F. We use D(F), E(F) as in (3.2). 
(3.3) If for all (x, y) in D(F) we have x# 0, and y is not a centre of curvature of W 
at x, then the envelope E(F) is smooth. 
Proof. We verify the conditions of (3.2). W can be parametrized, near some point 
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x(O), by x: U+R”+r with U an open subset of R” containing the origin. Take t,, . . . , t, 
to be the standard co-ordinates in R”, and set t = (t,, . . . , t,). Then 
l9F 
at,- , --;g.x(t)+(Y-;X(t))g 
= (Y -x(t)) . g 
I 
so, if we write 
Xi = (y - X(t)) ’ $ 
I 
Xij = (Y -X(t)) ’ &-$ * $ 
II 1 I 
we have 
grad (F(t, Y)) = (Xl, . . . , x, x,(t), . . . , x,+,(t)), 
grad ($ (t, Y)) = (xii,. . , Xi, z (t), . . . , % (t)). 
I I 
To verify the conditions of (3.1) we have to check that the matrix 
x,(t) x;(t) H-1 x,,(t) 2 (t) c*> 
firstly has rank (n + l), and secondly is such that the block (Xii) has rank n. We check 
the former condition as follows. Certainly the block (JxJatj) has rank n so that if at 
least one of the Xi is # 0 then (*) must have rank (n + 1). Suppose that all the Xi = 0. It 
will then suffice to show that x is linearly independent of the rows ax/at, of the block 
(axi/atj). Assume otherwise, so we can write x as a linear combination of the dx/dtj; 
then the conditions 0 = Xi = (y -x(t)). (ax/at,) imply that we have 0 = 
(y -x(t)) . x(t) = 0 which with 0 = (y -(1/2)x(t)) . x(t) yields x(t) = 0, a contradiction, 
as the source 0 is assumed not to lie on W. It remains to check that the block (Xii) has 
rank n. By judicious choice of co-ordinates we can suppose that (aX/ati) . (dX/dtj) = 6, 
(the kronecker delta). Now y -x(t) is orthogonal to W, and the matrix 
(Y -x(t)) * g$) 
1 J 
is the second fundamental form of W at x(t) in the direction y - x(t), see p. 33 of [lo]. 
Its eigenvalues are the principal curvatures of M at x(t), in the direction y -x(t). 
Thus (Xi,) is singular if and only if 1 is a principal curvature, i.e. y is a centre of 
curvature of W at x(t). Since the hypothesis of (3.2) is that this is not the case we 
conclude, as required, that (Xii) has rank n. 
(3.4) Suppose that W is the orthotomic of a mirror M with K > 0 everywhere, and 
source L inside M. Then W satisfies the hypothesis of (3.3), so that its anti-orthotomic 
is smooth. 
Proof. Certainly the first hypothesis of (3.3) is satisfied as L cannot lie on the 
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orthotomic W. For the second hypothesis we proceed as follows. Take L at the origin, 
as usual. Suppose that (x, y) lies in D(F). Then (y -x(t)). (ax/at,) = 0 for all i, i.e. y 
lies on the normal line to W at x(t), and further (y -(1/2)x(t)) . x(t) = 0, i.e. y lies on 
the perpendicular bisector of the line joining L, x. We claim that this line and plane 
intersect in a unique point: otherwise x(t) would lie in the plane, implying that 
x(t) = 0, which is impossible. Thus for each x E W there is a unique y with (x, y) in 
D(F), and the locus of such points y is precisely E(F) = hf. 
Now if y EM were a centre of curvature of W at x then y would lie on the 
caustic. On an intuitive level that is absurd, since the light rays just before reaching y 
are diverging. Formally, we proceed as follows. Suppose indeed that y is a centre of 
curvature of W at x. It will be no restriction to suppose that y corresponds to the 
value t = 0 of the parameter for the mirror. Then the function on W measuring the 
square of the distance to y(0) must have positive corank. Since W is given 
parametrically by 2(y(t) * n(t))n(t) with n(t) the outward pointing unit normal vector 
to M, the function in question is 
4(t) = Ij%y(t) . nWb(t) - yK0112. 
A short computation shows that, at t = 0 
(yen)=-4 
Since the Gauss curvature is positive by [lo] p. 36 the matrix with entries 
[(a’y/a~iatj) * n] is non-singular, and since y . n # 0 this contradicts our assumption that 
4 has positive corank. 
We are now in a position to give a proof of (3.1). Suppose that W is as in (3.4). 
Consider a smooth deformation G: W x U-+R”+’ of the orthotomic with U open in 
R”, 0 E U, and Go the inclusion, where G,,: W + R”+’ is defined by G,(x) = G(x, u). By 
shrinking U, if necessary, we can assume that each G, is an embedding, and that 
G,(W) satisfies the hypotheses of (3.3). Thus we have an envelope E,, for each u E U, 
which is geometrically the mirror giving rise to the wavefront W,, = G,,(W). What we 
need to show now is that the E,, depend smoothly on U. Let p E W, and let V be an 
open subset of R” with x: V x U + IW”+’ smoothly parametrizing the sets W,, u E U, in 
some neighbourhood of p. Consider 
D(V)= 
f 
(&u,y)E vx UxR”+‘: (Y -;x”w). x,(t) 
= F(t, u, y) = O,$((t, u, y) = 0, 15 i 5 n 
I 
I I 
We claim that D(V) can be parametrized by t and U, for 
has rank (n + I), as we have seen. Thus, by the Implicit Mapping Theorem, we can 
write D(V) as {(t, u, y(t, u))} and the corresponding subsets of the envelopes E, are 
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smoothly parametrized (t, u)+y(t, u). Thus E, depends smoothly on U, i.e. any 
smooth deformation of the wavefront can be realized by a smooth deformation of the 
mirror. 
54. CONTACT 
As we move the source L we obtain new wavefronts W,, and our definition of 
genericity then concerns the distance squared functions on these wavefronts. Clearly, 
it would be far more convenient to work directly with the mirror and avoid these 
intermediate orthotomics, especially when considering the question of source generi- 
city. In this section we show that one can replace the construction of the caustic using 
spheres tangent to the W, with ellipsoids and hyperboloids of revolution having one 
focus at L, tangent to the mirror M. In order to discuss types of tangency or contact 
of two hypersurfaces we first need the following result. 
(4.1) Let M, N be hypersurfaces in R”+‘, let y be a point in M f~ N, and let U be an 
open neighbourhood of y in IX”+‘. Suppose that 4i: U -+ R with i = 1,2 are submersions 
with 4i-‘(O) n U = N f~ U. Then the germs 4i: (M fl U, y)+(R, 0) are contact 
equivalent. 
Proof. If 4: (U, O)+(R, 0) is a submersion with 4-‘(O) = N n U then the pull back 
under 4 of the maximal ideal Jl, 4*.A = J?,(N), the ideal of smooth germs at 0 E U 
which vanish on N. If i: (M, O)+( U, 0) is the inclusion then (4 0 i)*.kt = i*(4*A) = 
i*&(N), and consequently the local ring of the germ 4 only depends on N. It follows 
(see [5] Chap. VII) that any two such 4 are, in Mather’s terminology, V- and hence 
contact equivalent. 
It follows from (4.1) that we can associate to two tangent hypersurface germs 
(M, y), (N, y) the contact class of some function singularity. If the hypersurfaces are 
written in the form M = {(u, f(u)): u E R”}, N = {(u, g(u)): U E R”} the class in 
question has f -g as a representative. Suppose the singularity is of type x: then we 
shall say that M and N have contact of type x at y. With this terminology the caustic 
is the locus of centres of spheres having contact with W, of type A2 or worse. Note 
that two plane curves have contact of type Ak if and only if they have exactly k + 1 
point contact, in the usual sense of algebraic geometry. We shall say that y EM has 
ordinary tangency when the contact between M and the affine tangent plane T,M is 
of type A,: it will have convex tangency if moreover the singularity is contact 
equivalent to x1’ + . . . + x,*. 
Now suppose that we are given a wavefront W, and a sphere S tangent to it at the 
point y. If we take the anti-orthotomics of W, and S with respect to L it is not 
difficult to see from the envelope construction that the resulting hypersurfaces will be 
tangent at the point corresponding to y. There are now two questions which are 
clearly of interest. 
(i) What is the anti-orthotomic of a sphere with respect to a point L? 
(ii) Is the contact of two hypersurfaces preserved on taking anti-orthotomics? 
(4.2) The anti-orthotomic of a sphere S with respect to a point L is an ellipsoid 
(resp. hyperboloid) of revolution with L as focus when L lies inside (resp. outside) S. 
In the case when L lies on S the anti-orthotomic collapses to the centre of S. 
(Note that if we replace the sphere by a hyperplane the anti-orthotomic is a 
paraboloid of revolution. This case will occur when the Gauss curvature of W at y 
vanishes, i.e. one of the principal radii of curvature is infinite.) 
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Clearly by symmetry it suffices to consider the case n = 1 when S is a circle, and 
we leave this to the reader. That answers question (i). If the answer to question (ii) is 
in the affirmative then instead of considering the distance squared functions on the 
orthotomic W we can consider the families G’: M x R”+‘+R on the mirror given by 
G’(x, a) = 1(x - L(( * /Ix - a([, 
since these functions have fibres which are ellipsoids or hyperboloids of revolution 
with L as focus. Notice in this connexion that we need not consider the case when L 
lies on one of the spheres of curvature of W,: indeed this can only happen when the 
corresponding point on the mirror M is the centre of curvature, and this possibility 
was ruled out in the proof of (3.4). To avoid problems concerning the differentiability 
of the functions G,’ it is better to restrict them to the subset of the domain for which 
xf L and xf a. 
The contact of the mirror M with ellipsoids of revolution has a simple physical 
interpretation. Given the light source L we are interested in those points where, after 
reflexion from M, the light concentrates. Thus the reflexions of nearby light rays must 
pass through a (see the figure). And bearing in mind our dynamic interpretation of the 
wavefront given in (1.1) we can even insist that nearby rays starting at the same time 
from L should arrive at a simultaneously. Thus Lx, + x,a should be nearly equal to 
Lx*+ x2a, i.e. the ellipsoid obtained by using a, L as foci and a piece of string of 
length Lx, + xla should have high contact with M (actually A2 or worse). 
Let us concentrate now on question (ii). Our first step is to re-cast it in a more 
general setting. 
Given a point L in Rn+’ the space R”+’ -{L} parametrizes the space of all 
hyperplanes in R”+’ not passing through L: indeed to each point a in R”” - {L} we can 
associate the hyperplane which is perpendicular to the line segment joining a and L 
and passes through its mid-point. Thus the orthotomic of a mirror M with respect to L 
is the locus of the tangent hyperplanes of M using the above parametrization. i.e. its 
dual. Clearly any other parametrization of the space of relevant hyperplanes will yield 
an equivalent picture for the dual, so since our questions are purely local we can 
choose whichever parametrization we wish. Duals are more usually considered in 
projective spaces $“+I, and we can consider M in a natural way as a hypersurface in 
one such. The different choices of parametrizations then simply correspond to 
different co-ordinate charts in the dual space (F+‘)*. A fuller discussion of affine 
duals can be found in [3]. (The interpretation of the orthotomic as a dual gave another 
reason for the existence of anti-orthotomics: of course, since we are not working in 
projective space the construction of anti-orthotomics uses envelopes. The “anti-dual” 
of a hypersurface V in P’+’ is the dual V*.) The following result will provide sufficient 
information on question (ii) to enable us to solve the problems which interest us. 
(4.3) Let (V, y), (W, y) be smooth germs of hypersurfaces in P’+‘, with n = 1 or 
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n = 2, with y a point of convex tangency for V and for W. Let (V*, y*), (W*, y*) 
denote the corresponding germs of duals in the dual space $“+I. Then (V, y), (W, y) are 
tangent if and only if (V*, y*), (W*, y*) are, and if either associated contact sin- 
gularity is simple they are equivalent. 
Applying this result to the case when V, W are the mirror and a tangent ellipse or 
hyperbola (or when n = 2 ellipsoid of revolution, hyperboloid of revolution) one 
obtains the required result. Note that although the type of tangency of (V, y) with 
(W, y) at y E P’+’ (and their duals at y* in ($“+I)*) is invariant under local changes of 
co-ordinates in $“+I and (PI)* the hypothesis of convex tangency is invariant under 
linear changes of co-ordinates only. Using the chart in (PI)* given below one can 
easily show that (V*, y*) and (W*, y*) also satisfy the convex tangency condition 
(see the proof of 4.4 below.) This will be used in the proof later when we replace V 
and W by V* and W*. Note that to obtain results concerning the orthotomic we only 
want the conclusion (not the hypotheses) to be invariant under local changes of 
coordinates. 
Below we shall consider V and W in IX”+’ written in the form {(x, f(x)): x E R”} 
and {(x, g(x)): x E R”} with j’f = 0 and j’g = 0. Using the obvious chart at the cor- 
responding point {x,+’ = 0) in IF”‘+’ we find that the dual of V, for instance, is 
I( af ~,f~~&~):xERn}* dx, ’ . . . ’ ax, 
(4.4) The 2-jets of the two singularities have the same rank and signature. 
Proof. By an orthogonal change of coordinates we can suppose (with the notation 
above) that 
f = 2 Aix? + O(3) 
g = 2 UjjXiXj + O(3) 
i,j = I 
with Al,. . . , A, positive, and (a,) a positive definite 
consequently 
symmetric matrix. The duals are 
{(2Alxl + O(2), . . . ,2A,x, + O(2), - CAixZ + O(3))) (1) 
((2XaijXj + O(2), . . . , 2CaijXj + O(2), - ZUijXiXj + O(3))) (2) 
which at 0 have tangent planes W” x (0). We wish now to write the duals in the form 
U nt1= Ru,,. . ., u,) and u,+’ = G(ul,. . . , u,). To do this to first order, we set Ui = 
2Aixi in (1) and in (2) we wish to find coordinates Ui for which 2Cai’xj = 2Aivi. Thus (2) 
becomes 
(2Alvl + O(2), . . ., 2A,v, + O(2), - vT(am’A)Ta(am’A)v + O(3)) (3) 
where a = (a,), A = diag (A,, . . . , A,), v = (vl,. . . , Y~)~ and T denotes transposition. 
Now the change of co-ordinates to get rid of the O(2) terms in the first n components of 
(1) and (3) will not affect the 2-jets of the (n + 1)st components. It is therefore 
sufficient to show that A - a and - A + AT(a-‘)TA have the same rank and signature. 
The latter matrix is evidently congruent to - A-’ + a-‘, so certainly our matrices have 
aaUaH ‘(!‘t’ + :‘b),-,.r = (!$ + :$),-,.! ‘(I!) Aq ‘PUe ,If, PUti ,$ Op OS (I) kq aJOJalaqJ_, 
2al-(z-y) sum aql amq It, pm $ Iwjl 0s ‘la!-(1 -7) sum aql aAeq 8 pue J MON 
‘$J JO $a[-(1 -d) aql uo h]uo spuadap !$+:@ 30 ial-d aql (u) 
:q 30 )a!-d aq$ uo Quo spuadap ;$ 30 IaL-d aql (r) 
‘ZT d Lutz 103‘Jeql pug am $J 30 swlal u! :$J JO Ia!-d aql103 IClaAynpu! E?U!A~OS 
(PM + n),,,8 - ((HI,@ + n),,,J}(d -I) ‘Q = (9 - d)J ‘I 
30 uoymdxa sa!las .IaMOd jew.103 aql leql aloN ‘(0 ‘,@ t (0 ‘,a~) :,$ ‘,@ a[qe$!ns 103 
((n),C + n) g ((n):d’ + !n)f - t(n),4 + n)8 = 3 
(P) 
(f) 
((HI,@ + n) g C(n):@ + !n)3 - t(n),@ + n)J = d 
(rJ'"n"vz“ “‘H’VZ) 
(_~‘%"VZ“ “‘Y?‘V’Z) 
aJaqm 
u!“]qo 01 (7,) U! WVZ = !@vz + !x!vz 
pue ‘(I) u! Wjfz = !@vz+!x!vz sawupJo-03 Mau asooqa 'z 3 a.te (!4)0 ‘(!$)o alaqM 
(z) ( 
!w , 8e .x3 - 8 ‘“fp”vz + “x”vz ‘ . . . “$fl’VZ + ‘x’vz 
1 
(I) ( 
!Xp 
/e !x’3 - J ‘“qqq + “x”vz ‘ . . “$‘Vz + ‘x’vz 
1 
se 0 wau ua@i am slmp 
aqj OS ‘/Cm ‘;x!vz = &? = & s!saqlodLq Leg Y_I!~!JO aql le uoyedxa .~o[rCe_~ aql u! 
d aa.Bap 30 sumal snoauaSoruoq aql "03 cdjy ayrn y uoyun3 qloorus t2 .Iod jooAd 
x9 - d)J = (8 - A,! uw :o f (8 -Ad! Y?YM 
.ioj d ISV~~ 2~1 S! y jvyj puv 8&= J,.L lvy~ ‘UO!IVIOU am9v ayl YJ!M ‘asoddns (S'P) 
~a.m~eui?!!s sum aql aAEq as!Mayg ,mv-,mv 
=z_g-lmv pw v-v = V-$J OS (q.10M 8wpa~a~d aql Icq) a.InWI8!S aum aql aAeq 
I- g,_vg pue ,-8vl-8 - 1 wql sm1103 11 :a,!uyap a+l!sod s! ,_8vJ_8) iw =lasqo 
PUE (“vb ‘. ..‘,v/L) %?!p= 8 a1I.m asm ImauaB aql log .paA.Iasa.Id s! a.IniW8!S 
aql amaH mxgeur al!uyap aAg!sod B s! qmqM‘v 103 anpzAua8!a uc s! I! ays ‘0 < y - 1 
IalzoaJon ‘y-r/y anleAuaFi!a qj!M ,-v +I- ~03 Jol3aAuaZ!a uc as!Mayg s! n uaql 
y arqmuaZi!a ql!M v - 1 103 .Io)DamaiT!a ue sf n 3! leql smollo3 $1 ‘n . ( y - r/y) = n(,_v 
+ I-) jeql sagdw! ny = n(v - 1) MON .sanlt?AuaFQa ay8au pur! aAg!SOd JO waqumu 
aql uaarnlaq amalag!p aqy s! a.mjm+s aql pue ‘x!qeur Dyaumds I! Zu!aq ‘sanlmua8!a 
Ical u seq v - 1 .xyxu &puap! aql ‘I= v uaqM asm aql .taprsuo:, ahi ‘Is.ud 
.a.mltx@s awes aql amq saqwu 0~1 aql leqj aAO.Id 0~ suyual 11 yuw sum aql 
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We now have 
ikV(u) - G(u)) = jkrpgl (1 - ~Kf@)(u +4’(u)) -gcp)(u + f(u))) 
= jk{(l - ~)(_P(u) - gYU)) - (fC2)(u + 4’(u)) - gC2)(u +@(u))} 
= jk{(l - k)@‘(u) - gCk’(U)) - 2ZAiudk-‘($’ - I+!/)(U)} 
= jk{( 1 - k)(fCk’(u) - gCk)( u)) - k(- fCk) + gCk))( u)}
= j”(f’“‘- gck’)(u) = jk(f -g)(u). 
Proof of (4.3). The case n = 1 follows immediately from the two preceding 
propositions. For the case n = 2 the crucial observation is the following. Suppose we 
are given germs of surfaces V, W at the point x E P3: then V, W are tangent at x if 
and only if the duals V*, W* are tangent at the corresponding plane x*. If locally we 
write 
v = ({(x9 f(x)): x E R’l, 0) 
w = (Rx, g(x)): x E w’), 0) 
we have seen that the function h = f - g measures the contact between V and W at 0. 
Let H(x, a) be a contact versa1 unfolding of h: then using 
V, = {(x, H(x, a) + g(x)): x E W’} 
we see that we can obtain any small deformation of the singularity V n W c W by 
considering V, fl W C W. Note that the convex tangency condition is open, so that for 
small a, and x E V, near 0 the pair (V,, x) will satisfy this condition, and we have a 
dual deformation Vt rl W* C W*. Our observation above concerning tangency then 
shows that V, rl W is singular if and only if Vz n W* is singular. In the following we 
use h for the function measuring the contact of V, W at 0 and h* that of V*, W* at 0. 
Recall now the classification (up to contact equivalence) of the real simple sin- 
gularities, given in Table 1. 
Table 1. 
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The invariants 8, 6, are respectively the maximum number of singular points, 
saddle singularities (i.e. those of type A,-) on one fibre in a small deformation of these 
singularities. These invariants are computed as follows. Using well-known results 
concerning the singularities of complex algebraic curves it is easy to see that 
6 5 (1/2)(~ + r- 1) with p the Milnor number (i.e. the subscript) of the singularity, 
and r the number of branches. On the other hand it is not difficult to obtain the lower 
bounds given in the table by explicit real deformations. For instance for Dlk+?, Dzk+* 
consider 
F,+ = (x - kt - t) ( y2 + X(X - kt - 2t) lfl (x - jt)‘) 
F~=~(y~-fi(x-jtY) 
j=l 
having respectively k + 1, k + 2 singularities (all saddles). 
The invariant 6, is rather easily found for Azk, A$+,, Dw+], D,,,. For A&+, (resp. 
Dzk+J we proceed as follows. Clearly we can find a small deformation F, with k (resp. 
k + 1) saddles on one fibre F, = 0: take m to be the number of minima or maxima of 
the function F,, and s to be the number of saddles. Then it is easy to see that the 
index of grad F0 is m - s. For A&+, (resp. D&+,) the index is + 1 (resp. 0) so 
2k + 1~ m + s = 2s + 12 26, + 1 (resp. 2k + 2 2 m + s = 2s 2 26,), whence the result. 
Now suppose h is of type A (resp. 0): then by (4.4) and (4.5) h* is of type A 
(resp. D). Note that h* is finitely determined, since otherwise small deformations will 
yield arbitrarily high 8, which on dualizing to h yields a contradiction. Similar 
arguments show that the 6,6, invariants are preserved, so it is enough to show that 
the Milnor numbers p(h), p(h*) coincide. This we prove by showing that p(h*)? 
p(h), for then (with the obvious notation) p(h) = p(h**) z- p(h*) 2 p(h) so p(h*) = 
p(h), using the fact that the dual of a dual is the original hypersurface. The proof of 
the inequality p(h*) 2 p(h) proceeds by induction on p(h) with (4.1) (resp. (4.4)) 
doing the first two cases for the A-series (resp. D-series). Now note that AZk (resp. 
A lk+l, A%+,, Dzk+,, D~A.+~, D2k+d has a small deformation with singularities of type 
A&A, (resp. AT~_,/A,, A&_,/A,, DZk_,/Al, D&/A,, DY~/A,) on one fibre. Dualizing 
we have a small deformation of h* with two singularities on the same fibre whose sum 
of Milnor numbers is, by induction, 2 2k - 1 (resp. 2k, 2k, 2k, 2k + 1, 2k + 1). By the 
no splitting principle[S] p(h*) L 2k (resp. 2k + 1, 2k + 1, 2k + 1, 2k + 2, 2k +2) = p(h), 
whence the result. I&, E,, Es are left to the reader with the hint that small 
deformations yield resp. AS, Ah, A, while any other triple point has a small defor- 
mation to I?*, hence to A*. 
We illustrate these ideas with the proof of a simple proposition. The question 
which this result answers is: does some part of the caustic always lie inside the mirror 
M, or is it possible for the caustic to lie entirely outside and so be in a sense virtual? 
PROPOSITION 4.6. Given a smooth convex mirror M in R”” and a fight source L 
inside M, some part of the caustic lies inside M. 
Proof. The intuitive idea is as follows. The distance squared function 
(*) M+R, x+(x-L((* 
must have a maximum, say P. The mirror lies in the ball centred at L through P, so 
the mirror at P is more curved than the boundary sphere. Light from L bouncing off 
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this sphere reconverges at L, so the points on the caustic obtained from reflexion in M 
at P must lie on the segment LP. 
More formally we proceed as follows. If (*) has a non-degenerate maximum at P 
then by the index theorem [lo, p. 371 the IE focal points of M at P lie on the segment 
between L and P. If the maximum is degenerate then L itself must be a focal point, 
and any point on the line LP further away from P will give a distance squared 
function with a non-degenerate maximum at P. So we can still deduce that the focal 
points lie on the segment between L and P. Now by the previous result of this section 
(in particular 4.4) we can find the points on the caustic corresponding to P by finding 
ellipsoids or hyperboloids of revolution having contact of type A2 or worse at P, with 
one focus L. The other focus, which gives the point on the caustic, must lie on the 
reflected ray and hence lies on the line LP. Because of their rotational symmetry the 
quadrics at P have a local expansion in the LP direction x,+~ = A i x2 + O(3). Thus a 
quadric will have contact of type A2 or worse with M at P if and only if it has this 
contact with one of the spheres of curvature at P. Obviously by symmetry we can 
now reduce to the case 12 = 1. A short computation (done for example in [l]) shows 
that the point on the caustic corresponding to one of these spheres lies on the segment 
joining P to the centre of the sphere. We know that it is not at P, by a result in 33, so 
every point on the caustic corresponding to P lies inside M. 
95. CAUSTICS OF PLANE CURVES 
In this section we consider briefly the case when the mirror M is a smooth plane 
curve with everywhere positive curvature K. For details of this case we refer the 
reader to [l], and content ourselves with a description of the geometry. Provided the 
source L does not lie on M the corresponding orthotomic W will be a regular plane 
curve, without intersections if L lies inside M. Since the contact singularity of two 
plane curves at a point is necessarily simple (in fact of type Ak) the results of the 
preceding section tell us that the contact of a circle with W is the same as that of the 
corresponding conic with M: of course, at an inflexion of W the circle is replaced by 
the tangent line and the corresponding conic is a parabola. It will be more in keeping 
with the classical geometry of curves to refer to contact of type Ak as (k + 1)-point 
contact. Thus the result of 94 tell us that at every point on M there is a unique conic 
having at least 3-point contact with M, and having the source L as one focus. And the 
resulting caustic is simply the locus of the other focus of the conic: when the conic is 
a parabola this means that the corresponding point on the caustic is the point at 
infinity on the axis of the parabola. When the conic is an ellipse both foci lie on the 
same side of any tangent line, and the corresponding point of the caustic is on the 
right side of M to be visible: but when the conic is a hyperbola the foci lie on opposite 
sides of any tangent line, and the corresponding point on the caustic is virtual. 
There is a particularly simple way of deciding whether the conic in question is an 
ellipse, parabola or hyperbola. Let us define the discriminant circle of M at a point P 
to be the unique circle touching M at P whose centre is l/4 of the way from P to the 
centre of curvature C at P. It turns out that if L and C both lie on the same side of 
the tangent line to M at P then the conic is an ellipse, parabola or hyperbola 
according as L lies outside, on or inside the discriminant circle: and if L, C lie on 
opposite sides of the tangent line to M at P then the conic is necessarily a hyperbola. 
The intuitive content of the former case is that when L lies inside the discriminant 
circle the pencil of light rays emanating from L is diverging too strongly to converge 
again after reflexion at M. 
The caustic will acquire singularities at points corresponding to vertices on the 
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orthotomic W, i.e. points where the circle of curvature has 4-point contact; hence 
singularities on the caustic correspond to points on the mirror M where the conic 
described above has at least 4-point contact. When we have exactly 4-point contact 
the caustic acquires an ordinary cusp, whilst higher cusps correspond to at least 
S-point contact. Notice in this connexion that at a given point P on M there exists a 
unique non-singular conic having at least Spoint contact with M at P: as P traces out 
M so the foci of this conic trace out a curve which might be dubbed the focoid of M. 
Thus one can avoid higher cusps on the caustic by ensuring that the source L does not 
lie on the focoid. 
One consequence of the above observations is that if L gives rise to a cusp L’ on 
the caustic then L will be a cusp on the caustic if we choose L’ to be the source. 
Another worthwhile comment to make is that if L lies on the normal line to M at P 
then the corresponding point on the caustic is a cusp if and only if P is a vertex of M. 
Indeed in that case the axis of the conic will be the normal line, so P will be a vertex 
of the conic which will therefore have at least 4-point contact with M at P if and only 
if P is a vertex of M. 
Now let P be a fixed point on M. We ask for those positions of the source L which 
give rise to a cusp on the caustic. In view of the above we are asking for the locus of 
the foci of all tonics having at least 4-point contact with M at P. These tonics form a 
pencil, the pencil of penosculating tonics, which we were interested to find has also 
been studied (in another context) in [12]. In fact they also form a dual pencil, or range, 
so that their centres must lie on a line 1 = 0 through P: this line is the so-called axis of 
aberrancy whose deviation from the normal line at P measures the asymmetry of the 
curve at P relative to the normal. If we take P to be the origin, and suppose M to be 
tangent to the x-axis, then a straightforward computation shows that the required 
locus of foci is the algebraic curve 
(x2 + y2)1 = xy 
(for a suitable choice of I) which is a circular nodal cubic with node at P, and nodal 
tangents the tangent and normal lines to M at P. When P is a vertex of M the cubic 
reduces to the normal line and the circle tangent to M at P and passing through the 
centre of curvature of M at P. 
By way of explicit illustration consider the case when M is a circle with centre C, 
and the source L lies inside M. Here, every point P in M is a vertex, so the cubic 
always reduces to the diameter through P and the circle through C tangent to M at P. 
To find the cusps on the caustic we have to find those points P on M for which this 
cubic passes through L. A little thought shows that there are four such points: the 
ends of the diameter through L, and two other points, symmetrical about this 
diameter. One such point P is shown in Fig. 1. Since the angle in a semicircle is a right 
Fig. 1. Fig. 2. 
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angle, LP is perpendicular to the diameter LC. Moreover the cusp F corresponding to 
P will be at the reflexion of L in PC, since PC will be the minor axis of the 3-point 
contact conic. Thus two cusps will be on the circle centre C through L, the 
corresponding cuspidal tangents passing through the points P. The other two cusps 
correspond to the ends of the diameter through L: call them A and B, see Fig. 2. The 
discriminant circle is the dotted circle in the figure. For L inside the discriminant 
circle the 3-point contact conic is a hyperbola, and the cusp corresponding to A is 
outside M: for L on the discriminant circle the conic is a parabola and the cusp at 
infinity: and for L outside the discriminant circle (but to the left of C) the conic is an 
ellipse and the cusp to the right of L. Of course when L is at the centre C the caustic 
collapses to the point C. There are thus three basic cases when L lies inside M: the 
forms of the caustics are illustrated below. 
Fig. 4. Fig. 5. 
The case when M is a circle was studied analytically by Cayley in [4]. He showed 
that the caustic is always a bicircular sextic curve having six cusps, two at the circular 
points at infinity, and deduced directly from the equation of the sextic all the facts 
described above. One should perhaps point out that this particular sextic curve is not 
the curve commonly known as Cayley’s sextic. 
A harder example, which does not appear to have been discussed in the literature, 
is that of the ellipse E given by (x2/a’) + (y*/b*) = 1, where for convenience we take 
a > b. When the source is at one of the foci F,, F2 the caustic collapses to the other 
focus, so we consider only the case when the source is inside E, but not at a focus. 
The four vertex theorem tells us that the orthotomic then has 2 4 vertices, hence that 
the caustic has 2 4 cusps. In fact there are precisely 4 cusps: to see this we argue as 
follows. Consider a point P moving around E. The question we have to ask is for how 
many positions of P will the nodal cubic pass through the source L? Explicit 
computation shows that the cubic always passes through both foci; it also intersects 
the ellipse E in precisely those points of E at which the normal to E passes through 
P, and passes through the feet of the perpendiculars from P to the axes. At the 
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vertices P,, Pz, P3 and P4 of E the cubic reduces to an axis and the circle through the 
centre of curvature at Pi, hence having radius a2/2b or b2/2a according as Pi lies on 
the minor or major axis. By symmetry we need only consider P moving from P, to P2. 
The computer drawing shows (for a = 1.3, b = 1) the cubic curves at two vertices and 
three intermediate positions. Note that a2 < 2b2 here; if a2 > 2b2 the larger circle 
crosses the ellipse, while if a2 = 2b2 it touches the ellipse at the other end of the minor 
axis. 
Now, using just continuity arguments we see that the required number is as 
indicated in the figure below, i.e. for the source in one of the given regions, the 
number of cubits passing through the source (as P moves from PI to P2) is the 
number attached to that region. (On a boundary line, one of the positions of P is at P, 
or P2.) For P moving round the whole ellipse we have to consider the source and its 
reflexions in the axes and centre. The reflexion in the x-axis will be in a region which 
indicates how many cubits pass through the source as P moves from P2 to P,; and so 
on. The sum of the 4 numbers always adds up to 4, so there are always 4 (distinct) 
positions of P for which the cubic passes through the source. 
With a rather flat ellipse (eccentricity > (1/2)v2) the caustic can have four com- 
ponents, as is illustrated by the diagram (eccentricity (2/3)d2), where the source is at 
the centre. There are two small cusps on the major axis. 
Finally, we are indebted to Dr. I. R. Porteous for pointing out a connexion 
between caustics of plane curves and the theory of mechanisms[7]. Imagine the 
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mirror M traced on a fixed lamina. Reflect M in one of its tangent lines, and roll the 
reflexion M* around M, thinking of M* traced on a moving lamina. There is a natural 
duality here since we could think of M* as fixed, and M as moving. The source L 
reflects to L*, say, and the roulette described by L* is precisely the orthotomic of M 
with respect to L. At a fixed moment of time the instantaneous centre of motion is the 
point of contact of M and M”. In the language of the theory of mechanisms the 
centres of curvature at vertices on the orthotomics are “pivot points”, and the nodal 
cubic obtained above is precisely the “pivot point cubic”, the dual concept to the 
“cubic of stationary curvature”, i.e. the locus of the vertices. And the discriminant 
circle is precisely the “cusp circle”, the dual concept to the “inflexion circle”, i.e. the 
locus of inflexions on the orthotomics. Moreover, for this rather special type of 
motion there are at any moment just two real infinitesimal Burmester points, whose 
locus is the Burmester curve in the moving lamina, and whose dual concept in the 
fixed lamina is precisely the focoid curve. 
§6. CAUSTICS OF SURFACES 
Let us look at the most obvious example of all for surfaces, namely the unit sphere 
S. We suppose that the source L is nearer to the centre of the sphere than it is to the 
surface, but not at the centre. Certainly, one sheet of the caustic will be the surface of 
revolution obtained by rotating the curve in Fig. 5 about the diameter through L, the 
cusps on that curve lying on the diameter giving rise to cone-like singularities on the 
surface of revolution: and the second sheet of the caustic will collapse to the diameter 
of the sphere S through L. Thus the picture close to the cone-like singularities will 
look something like this. 
The corresponding family of functions (the generalised phase function) will have 
members with non isolated singularities, and so the family is not generic. Moreover 
this type of singularity cannot be removed by small displacements of the source L, 
since it persists for any position of the source closer to the centre than the surface. 
This example shows that one cannot always expect an affirmative answer to the 
question of source genericity posed in §2. On the other hand this kind of phenomenon 
clearly does not arise for plane curves, so it is perhaps not too surprising that one can 
almost get an affirmative answer in the case n = 1, though the proof presented in [2] is 
in some ways a more delicate matter than that of mirror genericity for general 12 since 
the deformation space is only 2-dimensional. 
In [2a] we also give a detailed discussion of the case n = 2; to whet the reader’s 
appetite let us prove one fact which can be deduced from our work on curves in 95. 
Given a point P on the mirror we seek the locus of positions L for the light source 
which makes the corresponding point on the wavefront an umbilic, i.e. the cor- 
responding distance squared functions have a D4 singularity or worse. Now by 04 
there will correspond quadrics of revolution which have corank 2 contact with the 
mirror at P, so that the principal curvatures and directions of the quadric and surface 
at P coincide. The quadric (having foci L and R) being a surface of revolution has 
one principal direction in the plane LPR whose curvature K is that of the plane conic 
through P whose foci are L and R. The other principal curvature is the reciprocal of 
the distance PQ = p from P to the axis LR along the normal to the quadric at P. 
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It is not difficult to see that (l/p) 2 K with equality only when P lies on the axis 
LR. Thus if P is an umbilic on the mirror we find that L must lie on the normal to the 
mirror through P. If P is not an umbilic and the maximal sectional curvature is l/p, 
the minimal K, we see that L must lie in the plane of minimal curvature and the axis 
passes through the point Q on the normal at P with PQ = p. We now use the 
construction mentioned in [l] for determining the centre of curvature C of a point P 
on a conic (see the right-hand diagram above). In our case we know that PC = l/~ and 
clearly there are exactly two lines through P whose intercept D with the per- 
pendicular to PQ through Q is the foot of the perpendicular to the line PD. So L lies 
somewhere on these two lines. 
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